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Frenet-Serret Frame-based Decomposition for
Part Segmentation of 3D Curvilinear Structures

Shixuan Leslie Gu, Jason Ken Adhinarta, Mikhail Bessmeltsev, Jiancheng Yang, Yongjie Jessica Zhang,
Wenjie Yin, Daniel Berger, Jeff Lichtman, Hanspeter Pfister, Donglai Wei

Abstract— Accurate segmentation of anatomical sub-
structures within 3D curvilinear structures in medical imag-
ing remains challenging due to their complex geometry and
the scarcity of diverse, large-scale datasets for algorithm
development and evaluation. In this paper, we use dendritic
spine segmentation as a case study and address these
challenges by introducing a novel Frenet-Serret Frame-
based Decomposition, which decomposes 3D curvilinear
structures into a globally smooth continuous curve that
captures the overall shape, and a cylindrical primitive that
encodes local geometric properties. This approach lever-
ages Frenet-Serret Frames and arc length parameterization
to preserve essential geometric features while reducing
representational complexity, facilitating data-efficient learn-
ing, improved segmentation accuracy, and generalization
on 3D curvilinear structures. To rigorously evaluate our
method, we introduce two datasets: CurviSeg, a synthetic
dataset for 3D curvilinear structure segmentation that val-
idates our method’s key properties, and DenSpineEM, a
benchmark for dendritic spine segmentation, which com-
prises 4,476 manually annotated spines from 70 dendrites
across three public electron microscopy datasets, cover-
ing multiple brain regions and species. Our experiments
on DenSpineEM demonstrate exceptional cross-region and
cross-species generalization: models trained on the mouse
somatosensory cortex subset achieve 94.43% Dice, main-
taining strong performance in zero-shot segmentation on
both mouse visual cortex (95.61% Dice) and human frontal
lobe (86.63% Dice) subsets. Moreover, we test the gen-
eralizability of our method on the InirA dataset, where
it achieves 77.08% Dice (5.29% higher than prior arts)
on intracranial aneurysm segmentation from entire artery
models. These findings demonstrate the potential of our ap-
proach for accurately analyzing complex curvilinear struc-
tures across diverse medical imaging fields. Our dataset,
code, and models are available at https://github.com/
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Fig. 1: Part Segmentation for 3D Curvilinear Structures.
Curvilinear structures from (a) DenSpineEM: Main experi-
mental dataset on dendritic spine segmentation. (b) IntrA:
Intracranial aneurysm segmentation dataset for testing cross-
domain generalizability. (c) CurviSeg: Synthetic dataset for
theoretical validation. Colors indicate segmentation labels.

VCG/FFD4DenSpineEM to support future research.

Index Terms—3D curvilinear structure, Connectomics,
dendritic spines, Frenet-Serret Frame, electron microscopy,
point cloud segmentation

[. INTRODUCTION

EEP learning-enabled 3D biomedical imaging has driven

advancements in both scientific research (e.g., connec-
tomics [1], [2], protein structure prediction [3], [4]) and as a
crucial tool in medical care (e.g., bone lesion analysis [5]-
[7], aneurysm detection [8]). While semantic segmentation
algorithms, such as nn-UNet [9], have achieved strong re-
sults in various tasks, the segmentation of 3D curvilinear
structures remains challenging due to their intricate geometry,
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varying thickness, and complex branching patterns [10]. These
structures, characterized by their elongated, often branching
nature following curved paths in three-dimensional space, are
ubiquitous in biological and medical imaging, playing crucial
roles in various systems from neuronal networks to vascular
systems [11], [12].

In this paper, we focus on dendritic spine segmentation
as a representative task for 3D curvilinear structure analysis.
Dendritic spines, small protrusions on neuronal dendrites, are
crucial for synaptic transmission, and their morphology and
density provide vital information about neuronal connectiv-
ity, making accurate segmentation essential for neuroscience
research [11]. However, segmentation is challenging due to
spines’ high density along dendrites, complex geometry, vari-
able sizes and shapes, and intricate branching patterns [10].
The lack of benchmark datasets has led to reliance on simple
heuristics without human-annotated comparisons, limiting the
reliability of current methods.

Recent advances, such as deep learning-based work-
flows [13], joint classification and segmentation methods for
2-photon microscopy images [14], and interactive tools like
3dSpAn [15], have improved performance. However, these
approaches often require large training datasets or manual
refinement and struggle to generalize across different imag-
ing conditions and spine morphologies. This underscores the
need for more data-efficient methods capable of handling the
complexity of 3D curvilinear structures.

To address these challenges, we propose the Frenet—Serret
Frame-based Decomposition (FFD), which decomposes 3D
curvilinear geometries into two components: a globally smooth
C? continuous curve that captures the overall shape, and a
cylindrical primitive that encodes local geometric properties.
This approach leverages Frenet—Serret Frames and arc length
parameterization to preserve essential geometric features while
reducing representational complexity. The resultant cylindri-
cal representation facilitates data-efficient learning, improved
segmentation accuracy, and generalization on 3D curvilinear
structures.

To validate the effectiveness of our approach, we introduce
CurviSeg, a synthetic dataset for segmentation tasks of 3D
curvilinear structures, which serves as a theoretical validation
to verify the key properties of our method. Additionally,
we present DenSpineEM, a benchmark dataset for dendritic
spine segmentation, consisting of 4,476 manually annotated
dendritic spines from 70 dendrites across three 3D electron
microscopy (EM) image stacks (mouse somatosensory cor-
tex, mouse visual cortex, and human frontal lobe). Using
our decomposition, models trained on the large subset from
the mouse somatosensory cortex achieve high segmentation
performance (94.43% Dice) and demonstrate strong zero-shot
generalization on both the mouse visual cortex (95.61% Dice)
and human frontal lobe (86.63% Dice) subsets. Moreover, we
demonstrate the generalizability of our method on the IntrA
dataset for intracranial aneurysm segmentation from entire
artery, where it achieves 77.08% DSC, outperforming the
state-of-the-art by 5.29%, highlighting its effectiveness beyond
dendritic spine segmentation to other medical imaging tasks.

Our contributions include:

e We propose the Frenet-Serret Frame-based Decompo-
sition, decomposing 3D curvilinear geometries into a
smooth C? curve' and cylindrical primitive for efficient
learning and robust segmentation.

o We develop DenSpineEM, a comprehensive benchmark
for 3D dendritic spine segmentation, containing 4,476
manually annotated spines from 70 dendrites across three
EM datasets, covering various brain regions and species.

o We introduce CurviSeg, a synthetic dataset for 3D curvi-
linear structure segmentation, used to validate our method
and as a resource for other analyses.

e Our method achieves high segmentation accuracy with
cross-species and cross-region generalization on dendritic
spine segmentation, and surpasses state-of-the-art meth-
ods on intracranial aneurysm segmentation.

Il. RELATED WORKS

A. 3D Curvilinear Structure Analysis in Biomedical
Imaging

Traditional Methods. In the medical domain, curvilinear
structures are prevalent and critical, with applications spanning
blood vessel segmentation [16], neuronal tracing [17], and
airway tree extraction [18]. These structures, characterized by
their tubular or filament-like shape, present unique challenges
due to their complex geometry and intricate branching pat-
terns. Traditional methods rely on hand-crafted features, such
as the Hessian-based Frangi vesselness filter [19] and multi-
scale line filter [20], which enhance tubular structures but often
struggle with complex geometries and varying scales.

Learning-Based Approaches. Recent advancements leverage
machine learning techniques to improve robustness and ac-
curacy. Sironi et al. [21] introduced a multi-scale regression
approach for centerline detection, while deep learning methods
(e.g., nnU-Net [9] and DeepVesselNet [22]) have shown supe-
rior performance in vessel segmentation tasks. Despite these
advances, challenges persist in the medical domain, including
high variability in structure appearance, resolution limitations,
and the scarcity of large-scale annotated datasets [23]. Our
work builds upon these foundations, using dendritic spine seg-
mentation as a compelling example to address these challenges
through our novel Frenet frame-based transformation.

Geometric and Topological Regularization. Recent research
has emphasized the importance of integrating geometric and
topological constraints into segmentation models for curvi-
linear structures. Topology-preserving approaches such as the
clDice loss [24] focus on maintaining connectivity in tubular
structures by measuring the overlap between centerlines. Other
methods incorporate global shape descriptors [25] to con-
strain segmentation beyond pixel-wise supervision or utilize
centerline-based topological features to facilitate localization
and segmentation tasks in vascular structures [26]. Geomet-
ric guidance has proven particularly effective for complex
anatomical structures, as demonstrated by BowelNet [27],

'C? continuity refers to a curve that is twice continuously differentiable,
meaning the curve has continuous first and second derivatives. This property
ensures smoothness in both the curve and its rate of change.
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which integrates geometric priors with semantic segmenta-
tion for improved bowel delineation. Furthermore, discrete
topology-based methods, such as topology-aware segmentation
using discrete Morse theory [28], further emphasize the impor-
tance of preserving structural correctness during segmentation.
Similarly, deep models that explicitly incorporate topological
priors [29] have shown to effectively reduce errors like spu-
rious holes or disconnections. These approaches highlight the
benefits of combining low-level image information with high-
level geometric understanding, a principle that inspires our
Frenet frame-based transformation.

B. 3D Representations for Medical Imaging

Voxel-Based Representations. 3D shapes in biomedical imag-
ing, typically derived from CT (Computational Tomography)
and EM (Electron Microscopy) scans, are often represented as
voxels on discrete grids. Prior works [30], [31] predominantly
use voxel representations, extending 2D approaches to 3D
(e.g., 3D UNet [32]) or employing sophisticated 3D operators
[33]. However, voxel-based methods face challenges with high
memory requirements and limited spatial resolution.

Point Cloud-Based Methods. Alternatively, point cloud rep-
resentations offer a lightweight and flexible approach for
3D shape analysis [34]. They excel in extracting semantic
information [35] and provide higher computational efficiency
for large-scale objects. Building on these advantages, recent
works have adapted point-based deep learning frameworks
for curvilinear structures, leveraging local geometric features
and long-range context to capture fine anatomical detail. For
instance, Liu et al. [36] proposed an edge-oriented point trans-
former for intracranial aneurysm segmentation, introducing
edge-aware supervision and contrastive learning to enhance
boundary delineation. Similarly, Xie et al. [37] presented a
deep point-graph implicit field method for efficient anatomical
labeling of the pulmonary airway tree, capturing topologi-
cal structure while preserving spatial detail. These methods
demonstrate the potential of point cloud models for fine-
grained part segmentation in complex anatomical geometries.
Benchmarks such as IntrA [8] and RibSeg [6] further highlight
the utility of point-based approaches in curvilinear structure
analysis, including intracranial aneurysm and rib segmentation.
However, despite their success, most existing methods focus
on relatively rigid or tubular forms. In contrast, dendritic
spines exhibit more diverse morphologies and branching pat-
terns, requiring enhanced geometric awareness. Our method
builds on these insights and incorporates curve-guided priors to
improve segmentation of highly variable, curvilinear biological
structures.

C. Dendritic Spine Segmentation

Dendrites, with their curvy and elongated structure, serve as
an excellent example for curvilinear structure analysis. Their
protrusions, known as dendritic spines, play a crucial role in
neuronal connectivity and plasticity [38]. The segmentation
of these spines presents unique challenges across different
imaging modalities. In light microscopy, where spines appear

as tiny blobs due to limited resolution, research has focused
on spine location detection [39], semi-automatic segmenta-
tion [15], and morphological analysis [40]. High-resolution
electron microscopy (EM) has enabled more precise spine
analysis, leading to two main approaches: morphological op-
erations with watershed propagation [41], and skeletonization
with radius-based classification [42]. However, these methods
often rely on hand-tuned hyperparameters and require all
voxels as input, limiting their effectiveness for large-scale data
analysis. The field of dendritic spine segmentation faces two
significant challenges: the lack of comprehensive benchmark
datasets for rigorous evaluation, and the need for effective
methods that can handle complex spine geometry in large-
scale datasets. To address these challenges, we introduce both
a large-scale 3D dendritic spine segmentation benchmark and a
novel Frenet frame-based transformation method, potentially
advancing curvilinear structure analysis in neuroscience and
beyond.

D. Preliminaries on Frenet-Serret Frame

To understand the geometric properties of curvilinear struc-
tures, we turn to the fundamental concept of the Frenet-
Serret frame in differential geometry. In three-dimensional
Euclidean space R3, the Frenet-Serret frame (TNB frame) of
a differentiable curve at a point is a triplet of three mutually
orthogonal unit vectors (i.e., tangent, normal, and binormal,
denoted as T, N, and B, respectively.) [43]. Specifically, let
r(s) be a curve in Euclidean space parameterized by arc length
s, then the Frenet-Serret frame can be defined by:

dr . dT a7

= ds’ ds/H ds

,B:=TxN, ()

which satisfies the Frenet-Serret formulas:

dT dN dB

—_— = — — = —7N 2
s Y ds ds % @)

where k(s) is curvature and 7(s) is torsion, measuring how
sharply the curve bends and how much the curve twists out
of a plane.

Originally formulated for physics applications [44], Frenet-
Serret Frame has subsequently been adopted across diverse
domains. In robotics and autonomous driving, it facilitates
the optimization of trajectory planning [45]. The computer
graphics community utilizes it for generating swept surface
models [46], rendering streamline visualizations [47], and
computing tool paths in CAD/CAM systems [48]. More re-
cently, Frenet frame has been instrumental in characterizing
protein structures in bioinformatics [49], underscoring their
adaptability across varying scales and scientific disciplines.
Our work extends this concept to the (bio)medical domain,
specifically for the analysis and segmentation of dendritic
spines, where we employ it to map these 3D curvilinear
structures onto a standardized cylindrical coordinate system
while preserving crucial geometric properties.

=—xkT+ 7B,

I1l. FRENET-SERRET FRAME-BASED DECOMPOSITION
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Fig. 2: Exemplary Pipeline of Dendritic Spine Segmentation using Frenet-Serret Frame-based Decomposition. The
pipeline consists of three main steps: Decomposition: Decomposing the input binary volume to a C? curve and a cylindrical
primitive (R* x S! x R). Specifically, 1) we first skeletonize the volume to obtain the C? curve, 2) then convert the volume to
point clouds in R3, and 3) transform them to a cylindrical primitive in (R* x S* x R) using the Frenet-Serret frame of the C*?
curve. Segmentation: Performing point-based segmentation on the cylindrical primitive, leveraging the simplified geometry
for improved accuracy and efficiency. Note that the cylindrical primitive is converted to Cartesian coordinates for compatibility
with point-based networks. Inverse Decomposition: Reconstructing the segmented structure back to the original shape by

combining the cylindrical primitive with the C? curve.

A. Method Overview

Intuition. Our intuition is based on the observation that
curvilinear structures in biological systems often exhibit tree-
like morphologies, with complexity arising from two main
aspects:

o Global structure: The overall shape and orientation of the
main structure, such as the elongation and curvature of a
dendrite trunk or blood vessels.

o Local geometry: Smaller, often critical elements attached
to or variations along the main structure, such as dendritic
spines or vascular bifurcations.

For segmentation tasks, the global structure adds unnecessary
complexity, expanding the learning space and increasing data
requirements. Our approach decomposes these components by
transforming the structure into standardized representations.
Such decomposition enables efficient learning through stan-
dardized cylindrical primitives that preserve intrinsic shape
information while reducing global variations.

Segmentation Pipeline with FFD. We use dendritic spine
segmentation as an exemplar to demonstrate the application
of Frenet—Serret Frame-based Decomposition (FFD) for seg-
menting 3D curvilinear structures. As illustrated in Fig. 2, our
pipeline consists of three main stages:

e Decomposition: We first convert binary EM volumes to
point clouds by treating each nonzero voxel in the volume
as a point in R? with integer coordinates. We then per-
form skeletonization with topological pruning to extract
the backbone (dendrite trunk) skeleton, parameterizing it
as a C? continuous curve. Along this curve, we calculate
Frenet—Serret Frames and reconstruct surrounding point
clouds in a cylindrical coordinate system (Fig. 3). This
forms a cylindrical primitive in (R x S* xR), preserving
essential local geometries.

o Segmentation: With its reduced learning space, the cylin-
drical primitive undergoes data-efficient segmentation, as
well as enabling improved generalization across diverse
samples. For compatibility with point-based networks that
rely on Euclidean distances for operations like neighbor
selection and feature aggregation, the cylindrical coordi-
nates are transformed to Cartesian coordinates as input
of the segmentation network.

e Inverse Decomposition: Finally, we transform the seg-
mented cylindrical primitive and C? curve back to the
original R? space, completing the process. Note that this
step is optional for point-wise segmentation tasks, as the
bijective property allows label predictions to be directly
assigned to their corresponding points in the original
space without performing the inverse transformation.

This approach significantly boosts segmentation accuracy
and generalization performance on dendritic spine segmenta-
tion task, as demonstrated in our experiments (Sec.V-B). In
the following subsections, we provide the mathematical for-
mulation of the decomposition (Sec.III-B), prove its properties
(bijectivity and rotation-invariance, Sec.III-C), and detail the
implementation of the pipeline, including skeletonization and
discrete Frenet-Serret Frame calculation (Sec.I1I-D).

B. Formulation of Frenet-Serret Frame-based
Decomposition

Denote P = {(z;,y:,21) | i = 1,...,n} C R? as a point
cloud, C as the space of C? curves in R? that form the
backbone skeleton of P. Note that our pipeline can accept
either volumetric or point cloud input, as binary volumes can
be treated as point clouds with integer coordinates. For gen-
erality, we formulate our method using point cloud notation.

Authorized licensed use limited to: Harvard University SEAS. Downloaded on August 02,2025 at 16:54:21 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Medical Imaging. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TMI.2025.3589543
GU et al. FRENET-SERRET FRAME-BASED DECOMPOSITION FOR PART SEGMENTATION OF 3D CURVILINEAR STRUCTURES 5

Cylindrical Coordinate
Reconstruction

Fig. 3: Frenet-Serret Frame-based Transformation. A key
component of FFD is the transformation that maps point
clouds in R3 to cylindrical coordinates (p,p,g) in (RT x
St % R). It utilizes the Frenet-Serret Frame (T, N, B) of the
curve at S;, the nearest point to P;. Left: The point P; and
curve S in a Cartesian coordinate system. p: distance between
S; and_P;, ¢: angle between normal vector N and projection
of ﬁ onto NB-plane, g: curve arc length to .S;. Right: The
reconstruction of F; in a cylindrical coordinate system.

We formulate the decomposition:
D:P—CxR"xS'xR)", 3)

as a composition of two mappings: D = S o F, where:

e §: P — C is a skeletonization function that maps the
point cloud to a C? continuous curve S : [0, L] — R3,
parameterized by arc length s € [0, L].

e« F : CxP — Cx (Rt x St xR)" is a Frenet-
Serret Frame-based transformation that reconstruct the
point cloud in cylindrical coordinates, defined as:

f(S,P):(S,{(p“(pi,gi) |7;:17"'7n})7 “4)

where {(pi, vi,9:) | ¢ = 1,...,n} is the reconstructed point
cloud in a cylindrical coordinate system.

Specifically, as depicted in Fig. 3, for each point P;, we
determine its closest point on the curve, S; = S(s;), where
5; = mingeo,z |[P; — S(s)]|. Due to the continuity of S, the
closest point is unique for almost all P;>. The transformation
is then defined as:

dS(s)

i =[P = Sill, gi= N
p=IP=si g [

@; = arctan 2(v; - by,, v; - ng,),

‘ds:si,

where v; represents the projection of the vector Sﬁ (denoted
as u;) onto the normal-binormal plane, which can be calcu-
lated by v; = A;ATu;, where A; = [n,,,by,] is a column
orthogonal matrix.

C. Properties of the Decomposition

Properties. The Frenet-Serret Frame-based Decomposition
possesses two key properties: 1) Bijectivity: The decompo-
sition is invertible, allowing the cylindrical primitive and
backbone curve to be transformed back to the original space

2For a continuous curve, almost every point in R® has a unique closest
point on the curve. The set of points with multiple equally closest points (i.e.,
cut locus) is of measure zero and does not affect the overall transformation.

without information loss. 2) Rotation Invariance: The decom-
position is invariant to rotations of the input data, as the cylin-
drical primitive is constructed in a standardized coordinate
system aligned with the backbone curve.

Benefits. These properties confer the following benefits: 1)
Bijectivity enables segmentation to be performed in the sim-
plified cylindrical space while preserving the ability to map
results back to the original space accurately. 2) Rotation
invariance eliminates the need for rotation augmentation and
ensures consistent feature representation regardless of the input
orientation.

Intuitive Explanation of Properties. To complement our
formal proofs, we provide the following intuitive explanations:
Our decomposition achieves bijectivity because (1) injectivity
follows from the uniqueness of closest-point mapping—any
two points sharing identical cylindrical coordinates would
create a contradiction in the distance minimization principle;
and (2) surjectivity is guaranteed as we can explicitly construct
a 3D point for any valid cylindrical coordinate by positioning
it at the specified distance and angle from the corresponding
location on the curve. Rotation invariance occurs because our
cylindrical coordinates represent invariant geometric proper-
ties: p measures Euclidean distance, ¢ captures the relative
angle in the normal-binormal plane, and ¢ represents arc
length—all quantities that remain unchanged under rigid rota-
tions.

Proof. To prove the properties of the decomposition D, it
suffices to prove the corresponding properties of F. Given
that S : P — C' is a fixed mapping for a given point cloud,
the properties of D = F oS are fundamentally determined by
F:CxP—Cx (Rt xS!xR)". Therefore, we focus the
proof on the Frenet-Serret Frame-based transformation . For
notational convenience, we use F(P) to represent F (.S, P) in
our proofs, as S is fixed for a given input.

1) Bijectivity. To prove the transformation is bijective, we need
to verify that it’s both injective and subjective.

o Injectivity: Assume Py, P € P, with F(Py) =
F(P) = (p,¢,g). Let S; € R? be their closest point on
the skeleton S. If P,y # Pis, then Py Pio = 0t, § # 0,
where ¢ is the tangent at S;. As S is C? continuous,
3 e > 0 sufficiently small and S; € S such that
H
S;S; = et and ||S; Py || = ||S¢ P ||? — €2 + o(€?). Hence
d(Py,S;) < d(Pe,S:) , contradicting that S; is the
closest point to P;; on S. Hence, V P, P2 € P such
that F(Py) = F(P), we have Py = P, Le., the
transformation is injective.

o Surjectivity: As S is C? continuous, Vsi,s2 € [0, L]
(s1 # s2), we have ||Ss, — Ss,|| > 0. Hence, VY; =
(pt, o1, gt) € RTXSIXR, S, € S can be uniquely deter-

mined by g; = [;" | di(;) ||ds. Denote the Frenet-Serret

Frame at S, as (t,,,ns,,bs,). 36 € (0, p:), we have P, €

R3 as Sy, P; = 6(sin ibs, + cos ping,) + /p? — 6%, ,

such that F(P;) = S;. Hence, VY; € Rt x St x R,

3P, € R? such that F(P;) = Y, i.e., the transformation

is surjective.

2) Rotation Invariance. We prove the rotation invariance of
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Topological

Simplification

Skeletonized Point Cloud Sampling on Simplified Graph

Fig. 4: Demonstration of Sampling Process on IntrA. Left:
Artery point cloud showing vessels (blue) and aneurysm (red),
with the extracted skeleton (black) forming a tree-structure
graph. Right: Topological simplification identifies all junc-
tion nodes (blue dots), and the paths connecting neighboring
junction nodes collectively represent the main structure. Each
path between neighboring junction nodes represents a distinct
segment for processing (e.g., the green path). If a path is
shorter than a predefined threshold, we extend it by including
adjacent paths to ensure sufficient context.

F by showing F(R(P,)) = F(P;) for any P, € R® and
R € 50(3).
Let S, be the closest point on S to Py, (t(s¢), n(s¢), b(s:))

the Frenet-Serret Frame of S at S;, w, = S, F;,
Ay = I[n(s;),b(s;)], and v; = A;ATw,. Under ro-
tation R, the Frenet-Serret Frame rotates accordingly:

(t'(s¢),n'(s¢),b'(s¢)) = (Rt(s¢), Rn(st), Rb(s:)), and u} =
R(ut), A} = R(Ay). Hence, v; = R(v;). Crucially:

(@) = [IR(P) — R(Ss,)| = I|1P: = S5, || = pr
(b) 92 =gt
(c) ¢} =arctan2(R(v) - R(b(s¢)), R(v¢) - R(n(sy)))

;) -
= arctan 2(v; - b(st), ve - n(st)) = ¢

(a), (b), and (c) hold because rotation preserves distances,
arclength, and dot products, respectively. Thus, F(R(P;)) =
(5, 05, 9¢) = (pr, pe, 9¢) = F(P;), ensuring consistent trans-
formation regardless of orientation.

D. Implementation of the Pipeline

Backbone Skeletonization. We first apply the Tree-structure
Extraction Algorithm for Accurate and Robust Skeletons
(TEASAR) [50] to extract the initial skeleton from the input
structure. TEASAR begins with a raster scan to locate an
arbitrary foreground point, identifying its furthest point as
the root. It then implements Euclidean distance transform to
define a penalty field [51], guiding the skeleton through the
target’s center. Dijkstra’s algorithm is applied to find the path
from the root to the most geodesically distant point, forming
a skeleton branch. Visited regions are marked by expanding a
circumscribing cube around the path vertices. This process
repeats until all points are traversed. Finally, the resultant
skeleton is smoothed and upsampled via linear interpolation
for density assurance.

Branch Extraction. Our branch extraction begins with ap-
plying the TEASAR algorithm® to skeletonize the complete
structure, which directly outputs a tree graph representation
(vertices connected by edges). Before traversal, we manually
inspect the TEASAR result and prune obvious artifacts such
as redundant branches or spurious loops. We then traverse
this graph and identify leaf nodes (degree 1) as branch end-
points and junction nodes (degree > 2) as intersection points.
This generates multiple paths connecting these key nodes.
We perform topological simplification by pruning all leaf
branches, keeping only the paths connecting junction nodes
as the main structure. We sample each edge of the simplified
graph as distinct segments, ensuring all edges are processed.
For segments shorter than the threshold length, we extend
them by including adjacent paths at junction nodes. Fig. 4
illustrates this topological simplification and sampling process
on a sample from the IntrA dataset. The sampling length
is dataset-specific: 10,000 nm for DenSpineEM to ensure
adequate curvature and spine presence, and 100 mm for IntrA
based on the aneurysm size distribution in [52]. To obtain
point cloud segments, we first assign all points to their closest
skeleton vertices based on Euclidean distance in Cartesian
space. For each sampled segment, we then extract the subset of
points assigned to vertices within that segment, including both
the main structure edge and any pruned branches connected to
it. This approach effectively decomposes complex structures
into manageable segments for subsequent analysis.

Skeletonization Algorithm Choice. Our pipeline is flexible
and can be adapted to process both volumetric and point cloud
inputs. In this study, TEASAR is applied to both DenSpineEM
and IntrA experiments, while for the CurviSeg experiment, the
skeleton is provided in the synthetic data generation procedure.
Alternatively, we refer to L1-medial skeletonization [53] as a
robust approach for small-scale point clouds.

Discrete Frenet-Serret Frame Computation. We compute
Frenet-Serret Frames along the curve to characterize local
geometry, addressing both curved and straight segments. For
curved segments, we apply standard Frenet-Serret formulas as
defined in Eq. II-D. To enhance numerical stability, we employ
a curvature threshold ¢ = le — 8, identifying near-straight
segments where Frenet-Serret Frames become ill-defined. Our
piecewise interpolation scheme handles straight segments ef-
fectively. Between curved parts, we linearly interpolate the
normal vector, while at curve extremities, we propagate the
normal from the nearest curved segment. For globally straight
curves, we define a constant normal vector along the curve by
first selecting an endpoint and its adjacent point to compute
the tangent direction. We then define an arbitrary vector that is
not parallel to the tangent, construct a normal vector by cross-
product to ensure orthogonality, and apply it consistently along
the entire curve.

To ensure frame orthonormality and further improve numer-
ical stability, we apply Gram-Schmidt orthogonalization [54].
Our Frenet-Serret Frame computation method is provided as a

3https://github.com/seungflab/kimimaro
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(b)

(c)

Fig. 5: DenSpineEM Dataset. DenSpineEM contains 3 subsets: (a) M50: 50 mouse somatosensory cortex dendrites, (b) H10:
10 human visual cortex dendrites, (¢) M10: 10 mouse visual cortex dendrites.

Python package®, facilitating seamless integration into various
geometric analysis and computational applications.

Cylindrical Primitive for Segmentation. For each cropped
branch, we first compute the Frenet—Serret frame along its
skeleton. Following the procedure described in Section III-
B, the corresponding point cloud is then transformed into a
standardized cylindrical representation.

As point-based networks rely on Euclidean distances for
operations such as neighbor selection and feature aggregation,
it is essential to convert the cylindrical coordinates back
to Cartesian coordinates before segmentation. Specifically,
given the cylindrical coordinates (p, ¢, g) for each point, the
Cartesian coordinates (z,y, z) are computed as:

y=psing, z=g. 5)

This conversion ensures that all distance-based computations
remain valid while preserving the advantages of the cylindrical
representation.

T = pcos,

Inverse Decomposition. The inverse decomposition D!
C x (Rt x St x R)® — Z3*™ reconstructs the original
integer point cloud from the backbone curve and cylindrical
coordinates. Given the curve S : [0,L] — R?® and the
cylindrical coordinates {(pi,p:,9:) | ¢ = 1,...,n}, the
inverse transformation is defined component-wise as:

P = [S(g:) + pi(cos(pi)ng, +sin(p;)by,) +0.5]  (6)

where S(g;) is the point on the curve at arc length g;,
ng, and by, are the normal and binormal vectors of the
Frenet-Serret frame at that point, and |- 4+ 0.5] denotes
component-wise rounding to the nearest integer. This rounding
operation compensates for the loss of tangential information
when projecting points onto the normal-binormal plane during
the forward transformation. As the sampling density of S
approaches infinity, Eq. III-D can recover the original integer
point cloud with arbitrary precision.

4https://pypi.org/project/discrete-frenet-solver

In practical implementations, to reconstruct the original
point cloud, the tangential component h; = u; - ts, can be
stored for reconstruction via P; = S(g;) + pi(cos(p;)ng, +
sin(p;)bg, )+ hity,. This recovers the full displacement vector
by adding back the component along the tangent direction,
which was omitted in the cylindrical representation.

For tasks requiring only point-wise predictions rather than
complete geometric reconstruction, we leverage the bijective
property to eliminate the need for performing the inverse
transformation, as labels predicted in the cylindrical space
can be directly assigned to their corresponding points in
the original point cloud, substantially reducing computational
overhead.

V. DATASETS
A. CurviSeg Dataset

We introduce the CurviSeg dataset and make use of it for
the first experiments in this paper. CurviSeg is defined as a
synthetic dataset of 3D curvilinear structures with additional
spherical objects for point cloud segmentation tasks. The
curvilinear structures were generated using cubic B-spline
interpolation of n randomly generated control points, where
n ~ U{5,10}. The control points p; € R® were generated as:

pi=s-r;, t=1,...,n @)

where r; ~ A(0,I3) are random vectors sampled from a
standard 3D normal distribution, and s ~ #/(1, 3) is a uniform
random scaling factor. The B-spline curve C(¢) was then
defined as:

n—1

C(t) = Z Ni’3(t>pi, te [O, 1] 8)

i=0
where N; 3(t) are cubic B-spline basis functions. This curve
was evaluated at 500 equidistant points {t;}3%% to form the

skeleton. Points were distributed along this skeleton using a
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cylindrical coordinate system. For each skeleton point C(t;),
we generated a set of points x; . as:

x5 = C(t;) + rcos(0)n; + rsin(0)b; )

where 7 ~ U(0,75), s ~ U(0.3,0.7) is the slice radius, 6 ~
U(0,27), and n; and b; are the normal and binormal vectors
at C(t;), respectively. We added m ~ U{1,2,3} spherical
objects to each structure. Each sphere, centered at c;, was
placed tangent to a random point X;; on the main structure:

%,k — C(t;)
x5,k — C(t5)l

where r, = krs, k ~ U(1,2). Points within each sphere were
generated as:

c =X+ (rs +7p) (10)

u~ US?) (11)

where S? is the unit 2-sphere. The point density was kept con-
sistent between the main structure and the spheres, calculated
based on the total volume and target point count. Each point
was labeled as either part of the main structure (0) or a sphere
(1), forming a binary segmentation problem.

CurviSeg comprises 2500 samples in total, where each
sample contains 4096 points. The dataset is split into 80%
training, 10% validation, and 10% testing sets.

yi=c¢ + 7y,

B. DenSpineEM Benchmark

We curate a large-scale 3D dendritic spine segmentation
benchmark, DenSpineEM, with saturated manual annotation of
three EM image volumes (Fig. 5). In total, DenSpineEM con-
tains 4,476 spine instances from 70 fully segmented dendrites
(Tab. I). In comparison, existing dendrite spine segmentation
datasets are either constructed by heuristic spine extraction
methods [41], [42] or lack of thorough annotation [55].

Dataset Construction. We leverage three public EM image
volumes with dense dendrite segmentation to construct the
DenSpineEM dataset: one 50 x 50 x 50 um? volume from
the mouse somatosensory cortex [56], two 30 x 30 x 30 pm?
volumes from the mouse visual cortex and the human frontal
lobe respectively [57] (Tab. I). We refer readers to the refer-
ences for dataset details.

DenSpine-M50. We first curate DenSpine-M50 from [56] as
our main dataset due its existing segmented dendrites (100+)
and spines (4,000+) which are analyzed in [55]. However,
the spine segmentation on most dendrites is not thorough,
making it difficult to train models for practical use due to
false negative errors. We pick the 50 largest dendrites from the
existing annotation and manually proofread all spine instance
segmentation. In the end, we obtain 3,827 spine instances.
DenSpine-{M10, HI10}. To evaluate the generalization perfor-
mance of the model trained on DenSpine-M50 across regions
and species, we build two additional datasets from AxonEM
image volumes [57]: DenSpine-M 10 from another brain region
in the mouse and DenSpine-H10 from the human. Although
the AxonEM dataset only provides proofread axon segmenta-
tion, we are thankful to receive saturated segmentation results
for both volumes from the authors. For each of the two
volumes, we first pick 10 dendrites with various dendrite
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Fig. 6: Data Efficiency Plot of FFD. We compare models
trained on varying scales of data from CurviSeg dataset.

types and branch thicknesses and proofread their segmentation
results. Then, we go through these dendrites and annotate the
spine instance segmentation.

Annotation Protocol. To generate high-quality ground truth
annotations, we segment spines manually with the VAST soft-
ware [58] to avoid introducing bias from automatic methods.
To detect errors, we use the neuroglancer software [59] to
generate and visualize 3D meshes of the segmentation of
dendrites and spines. Four neuroscience experts were recruited
to proofread and double-confirm the annotation results for
spine instance segmentation.

C. IntrA Dataset

Dataset Overview. The IntrA dataset [8] is a publicly available
benchmark for intracranial aneurysm segmentation. It provides
two components: (1) 103 complete 3D artery models with
aneurysms, and (2) 1909 blood vessel segments (1694 healthy
segments and 215 aneurysm segments) for classification and
segmentation benchmarks.

Experimental Settings. Most studies focus on segmenting
aneurysms from vessel segments, which are short and less
complex, resulting in high performance (e.g., 89.71% DSC on
aneurysm segmentation [63]). In contrast, we target aneurysm
segmentation on full artery models—a more realistic, clinically
relevant, and challenging task. To our knowledge, the state-
of-the-art model on this task achieves only 71.79% DSC on
aneurysm segmentation [52].

Evaluation on Full Artery Models. As additional evaluation,
we use the entire artery subset of the IntrA dataset [52]
(instead of the commonly used segment subset [8]). This
subset consists of 103 3D TOF-MRA images containing
114 aneurysms. The data are provided as surface models in
Wavefront OBJ files, derived from original volumetric images
(512 x 512 x 300, 0.496 mm slice thickness). Using full artery
models presents a more challenging and realistic scenario
for aneurysm segmentation. The dataset excludes aneurysms
smaller than 3.00 mm, with sizes ranging from 3.48 to 18.66
mm (Mean: 7.49 mm, SD: 2.72 mm). Most aneurysms are
saccular, with one fusiform aneurysm included.
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TABLE I: Overview of DenSpineEM Dataset. We build upon 3 EM volumes with instance segmentation and annotate spine

segmentation for 70 dendrites.

Name Tissue Size (um?) #Dendrites #Spines
DenSpine-M50 Mouse Somatosensory Cortex [56] 50x50%30 50 3,827
DenSpine-M10 Mouse Visual Cortex [57] 30x30%x30 10 335
DenSpine-H10 Human Frontal Lobe [57] 30x30x%x30 10 314

Ground Prediction Baseline Ground Prediction Baseline

Truth

Prediction

Truth w. FFD Prediction

Fig. 7: Segmentation Results of PointTransformer on DenSpineEM. Models trained on M50 (Mouse somatosensory cortex,
5-fold cross-validation) and evaluated on M10 (Mouse visual cortex) and H10 (Human frontal lobe) datasets. (a~b) M50
result: Both methods perform well, though baseline shows false negatives on large spines while FFD prediction provides
cleaner segmentation. (¢) M10 result: FFD prediction shows some false negatives at spine-trunk junctions, while baseline
produces more false positives (top) and false negatives (bottom). (d) H10 result: With longer, denser spines, both methods show
performance degradation, but baseline exhibits substantially more false negatives. Instance labels are assigned by overlaying
ground truth; unmatched regions inherit the label of the nearest assigned prediction point.

TABLE Il: FFD Validation on CurviSeg. We evaluate the
segmentation performance, data efficiency, rotation invariance,
and computation speed of three models with and without FFD.

Computation Speed

Method ‘ Segmentation Performance (DSC %)

Full Data  25% Data  Test-time Rot. | Train (s/epoch) Inf. (ms/sample)
PointCNN [60] 92.40 84.92 91.32 210.00 119.59
w. FFD 95.42 94.77 95.60 215.40 124.78
PointNet++ [61] 87.99 56.91 85.87 75.81 3234
w. FFD 95.17 94.33 95.18 82.70 38.05
DGCNN [62] 88.95 84.32 86.41 114.11 58.87
w. FFD 95.76 95.63 95.76 122.33 63.06

V. EXPERIMENTS AND RESULTS
A. Property Validation with CurviSeg Dataset

We validate FFD on the CurviSeg toyset with three point-
based models, using a batch size of 8 on a single A100 GPU,
and assess segmentation performance with Dice.

Segmentation Performance. As shown in Tab. II, FFD consis-
tently improved segmentation performance across all models,
with 3.01%~7.18% increase in DSC.

Data Efficiency. We compared models trained on varying data
scales, from 25 to 2000 samples. As shown in Fig. 6, models
with FFD maintain high, stable performance across all data
regimes, while baseline models experience sharp performance
declines as data reduces. Notably, models with FFD trained

on just 25% of the data (500 samples) perform similarly to
those trained on the full dataset.

Rotation Invariance. We began by applying random SE(3)
augmentation® during test time. As shown in Tab. II, with
FFD, segmentation performance remained unchanged under
rotations while non-FFD models experienced slight drops of
1.08%~2.54%. We further conducted a numerical analysis
with 1000 SE(3)-augmented samples, comparing the represen-
tations 7 (P) and F(Pg). The average point-wise L2 distance
was € = (6.28 x 10726 £ 9.13 x 1072%), with a maximum
distance of 1.85 x 10723, confirming the rotation invariance.

Computational Efficiency. The application of FFD introduced
a marginal increase in computational cost. For the training
set of 2000 samples, FFD resulted in approximately 5.40s ~
8.22s increase in training time per epoch and 4.19ms ~
5.71ms increase in inference time per sample, but this trade-
off was minor compared to the notable improvements in
segmentation performance.

Bijectivity. To empirically verify bijectivity, we randomly
selected 1000 samples from CurviSeg and applied FFD, D :
P — C x (RT x St x R)", followed by its inverse, D! :

SHere, SE(3) denotes the group of 3D rigid body transformations, com-
prising all combinations of rotation and translation that preserve the object’s
shape and size in 3D space.
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TABLE Ill: Segmentation Results on DenSpineEM. The results are calculated by the mean value of each fold. 95% confidence
intervals are given in parentheses.

Method Subset Spine IoU (%) Tronk Spine DSC (%) Trunk Spine Accuracy (%) Spine Recall (%)
M50 69.51 (66.76 - 72.26)  94.84 (92.89 - 96.80) | 80.04 (77.53 - 82.54)  97.24 (96.08 - 98.40) | 87.03 (85.37 - 88.69) | 86.44 (85.13 - 87.75)
PointNet++ [61] M10 73.29 (71.39 - 75.18)  89.48 (88.65 - 90.31) | 84.28 (82.99 - 85.57)  94.33 (93.84 - 94.81) | 78.66 (75.87 - 81.45) | 80.58 (78.26 - 82.91)
HI0 60.56 (58.07 - 63.06)  89.85 (88.80 - 90.90) | 74.19 (72.03 - 76.36)  94.54 (93.95 - 95.13) | 66.73 (62.03 - 71.43) | 74.17 (71.29 - 77.05)
M50 82.60 (79.02 - 86.18)  98.08 (97.78 - 98.38) | 89.28 (86.81 - 91.76)  99.03 (98.87 - 99.18) | 89.92 (88.06 - 91.78) | 88.61 (87.25 - 89.97)
PointNet++ w. FFD M10 87.40 (86.63 - 88.16)  95.66 (95.40 - 95.92) | 93.19 (92.74 - 93.65)  97.77 (97.63 - 97.91) | 86.56 (84.52 - 88.60) | 85.46 (83.62 - 87.29)
H10 68.29 (66.47 - 70.11)  92.86 (92.24 - 93.49) | 79.27 (77.51 - 81.04)  96.26 (95.91 - 96.61) | 78.50 (76.40 - 80.61) | 80.95 (79.04 - 82.86)
M50 14.88 (12.67 - 17.10)  63.97 (54.85 - 73.09) | 24.63 (21.48 - 27.78)  76.60 (69.24 - 83.96) | 43.04 (28.21 - 57.88) | 48.40 (33.96 - 62.83)
RandLA-Net [64] M10 24.33 (21.42 - 27.24)  48.21 (42.13 - 54.29) | 37.94 (34.27 - 41.62)  64.01 (58.15 - 69.86) | 48.85 (37.76 - 59.95) | 53.96 (43.28 - 64.64)
H10 22.02 (19.77 - 24.26)  55.97 (49.24 - 62.71) | 34.49 (31.64 - 37.35)  70.78 (65.25 - 76.31) | 49.07 (34.25 - 63.90) | 53.82 (39.51 - 68.13)
M50 37.10 (21.49 - 52.72)  86.65 (82.38 - 90.91) | 49.38 (33.77 - 65.00)  92.52 (90.00 - 95.05) | 48.67 (30.08 - 67.25) | 55.24 (39.40 - 71.08)
RandLA-Net w. FFD MI10 44.06 (32.39 - 55.74)  78.57 (74.00 - 83.14) | 58.84 (47.12 - 70.56)  87.62 (84.66 - 90.57) | 37.13 (24.83 - 49.44) | 48.47 (37.59 - 59.36)
H10 37.45 (26.63 - 48.26)  79.00 (74.57 - 83.43) | 51.68 (40.62 - 62.73)  87.96 (85.22 - 90.70) | 42.11 (25.31 - 58.90) | 52.99 (38.74 - 67.24)
M50 88.07 (85.95-90.19)  98.29 (98.04 - 98.53) | 92.61 (90.82 - 94.39)  99.12 (98.99 - 99.25) | 95.94 (95.19 - 96.68) | 94.64 (93.88 - 95.40)
PointTransformer [65] M10 83.77 (82.62 - 84.93)  93.37 (92.92 - 93.83) | 90.80 (90.11 - 91.49)  96.50 (96.25 - 96.75) | 91.21 (90.28 - 92.14) | 90.20 (89.43 - 90.97)
HI0 73.77 (72.43 - 75.11) ~ 92.82 (92.37 - 93.27) | 83.95 (82.98 - 84.93)  96.18 (95.91 - 96.44) | 82.55 (81.40 - 83.71) | 84.78 (83.87 - 85.68)
M50 90.74 (88.55 - 92.93)  99.00 (98.75 - 99.25) | 94.43 (92.58 - 96.28)  99.49 (99.36 - 99.62) | 95.45 (94.24 - 96.66) | 93.82 (92.46 - 95.18)
PointTransformer w. FFD M10 91.72 (91.53 - 91.92)  97.21 (97.13 - 97.28) | 95.61 (95.50 - 95.72)  98.58 (98.54 - 98.61) | 95.86 (95.55 - 96.17) | 93.03 (92.69 - 93.37)
HI10 77.57 (76.42 - 78.71)  95.75 (95.59 - 95.92) | 86.63 (85.78 - 87.49)  97.82 (97.74 - 97.91) | 83.68 (82.38 - 84.98) | 84.82 (83.79 - 85.86)

Cx(RTxSxR)™ — P’. The average point-wise L2 distance
between P and P’ was ¢ = (8.98 4+ 7.21) x 1073, with a
maximum error of 1.02 x 10729, These results confirm FFD’s
bijectivity within numerical precision limits, demonstrating
consistently low reconstruction errors across all samples.

B. Benchmark on Dendritic Spine Segmentation

Experiment Setup. We employ 5-fold cross-validation to train
models on the M50 subset, with the M10 and H10 subsets
used as test sets to evaluate cross-region and cross-species
generalization, respectively. Given the extreme density of input
dendrite volumes—ranging from 5.59 x 10° to 3.51 x 108
voxels, with an average of 4.82 x 107 and the sparse spine
volume (0.077% to 6.99% of the dendrite), voxel-based models
such as nnUNet struggle with the imbalance and requires
prohibitively high memory. To address the density issue,
we crop dendrites along trunk skeletons and convert them
into point clouds as individual samples (Sec. III-D). During
training, we use uniform random sampling to select 30,000
points in Cartesian coordinates from each transformed point
cloud; during inference, we perform repeated sampling of
non-overlapping points with aggregation to ensure full point
cloud coverage. We choose 30,000 as the sampling scale as
it’s sufficient to preserve spine geometry and shapes, whereas
fewer points risk losing critical information.

Model Choice. Although 30,000 points do not constitute a
large-scale point cloud, models like DGCNN, PointConv, and
PointCNN encounter OOM issues on 4 NVIDIA A10 GPUs.
Consequently, we selected PointNet++, PointTransformer, and
RandLA-Net as baselines for their efficiency with large-scale
point clouds.

Evaluation Metrics. Due to the significant foreground-
background imbalance, the task is defined as binary segmen-
tation, separating the trunk from the spine. Each spine initially
receives a unique label during dataset development; however,
for experiments, segmentation is binarized to mitigate the
imbalance. While these binary results can be further refined
into multi-class labels via connected component grouping or
clustering (e.g., DBScan), we evaluate model performance us-
ing only binary segmentation results to avoid post-processing

bias. Specifically, we assess segmentation performance using
DSC and IoU for both trunk and spine, with 95% confidence
intervals for each metric. Spine prediction accuracy is also re-
ported, with an individual spine considered correctly predicted
if its Recall exceeds 0.7. Specifically, for each individual spine
1, Recall is calculated as Recall; = |§Ny;|/|y;|, where § and y;
indicate spine prediction and ground truth labels, respectively.
All experiments are conducted on 4 NVIDIA A10 GPUs with
PyTorch, and detailed settings along with metric tables for
each fold are provided in the GitHub repository.

Results and Analysis. We evaluate the segmentation perfor-
mance on all three DenSpineEM subsets using models trained
on the DenSpineEM-M50 subset.

Quantitative Analysis. We quantitatively evaluate the seg-
mentation performance on the DenSpineEM dataset, as sum-
marized in Table III. The experimental results show that
PointTransformer with FFD achieves the best performance
on binary spine segmentation, with IoU of 90.74% (95% CI:
88.55-92.93%) and DSC of 94.43% (95% CI: 92.58-96.28%).
While the baseline PointTransformer achieves slightly higher
individual spine accuracy on the M50 dataset (95.67% vs.
94.67%), this is likely because high-capacity models can effec-
tively learn complex features directly from raw data when suf-
ficient training examples are available. However, PointTrans-
former with FFD maintains consistently better performance
in zero-shot generalization experiments. On the M10 (cross-
region) and H10 (cross-species) subsets, FFD models achieve
95.61% (95% CI: 95.50-95.72%) and 86.63% (95% CI: 85.78-
87.49%) DSC scores respectively, outperforming baseline
models. PointNet++ with FFD consistently outperforms its
baseline counterpart, showing substantial improvements in
both IoU (from 69.51% [95% CI: 66.76-72.26%] to 82.60%
[95% CI: 79.02-86.18%]) and Dice score (from 80.04% [95%
CI: 77.53-82.54%] to 89.28% [95% CI: 86.81-91.76%]) on
M50. We note that RandLA-Net models display wider con-
fidence intervals, suggesting potential convergence challenges
regardless of whether FFD is applied. Overall, adding FFD
effectively enhances the models’ ability to segment spines
accurately, improving both accuracy and generalization.
Qualitative Analysis. For qualitative analysis, we use pre-
dictions from the best-performing model, PointTransformer.
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Fig. 8: Additional Evaluation on IntrA. Visualization results on 3 cases from IntrA dataset are showed. (a): Aneurysm at
vessel endpoint. (b): Saccular aneurysm along vessel segment. (¢): Aneurysm at vessel junction. Blue regions indicate aneurysm
segmentation. FFD consistently reduces false negatives compared to the baseline, particularly in (a) and (c).

For visualization clarity, we apply post-processing to assign
instance labels: predictions overlapping ground-truth instances
inherit their labels, with remaining points labeled based on
nearest neighbors. We visualize two cases from the M50
dataset and one case each from MI10 and HIO to evalu-
ate generalization, as shown in Fig. 7. Models with FFD
consistently outperform the baseline. On the M50 subset,
the baseline predictions contain numerous false negatives,
especially on large spines mistaken for trunks ((a), (b)-top),
leading to missed spines after clustering. FFD implicitly adds
a trunk skeleton prior, alleviating this issue and enhancing
model robustness. In generalization tests, the model with FFD
maintains robust performance on the M10 subset, while the
baseline produces more false positives ((c)-top). For the H10
subset, where dendrites are longer with denser spines, both
models’ performance degrades. The FFD model includes a few
false positives on large spines ((d)-top) and false negatives on
small spines ((d)-bottom), whereas the baseline heavily misses
many spines with excessive false negatives.

C. Additional Evaluation on Intracranial Aneurysm
Segmentation

Experiment Settings. We evaluated our method on the IntrA
dataset using 5-fold cross-validation on the 103 TOF-MRA
samples of the entire artery. The preprocessing pipeline in-
volved voxelizing the surface model using the fast winding
number method [66], calibrating the voxel-to-mm scale by
matching computed aneurysm sizes to the reported mean
of 7.49 mm [52], skeletonizing the artery volume with
TEASAR [50], pruning skeleton branches (node degree <
2 or edge length < 20 mm®), and cropping the artery
into vessel segments of 100 mm length to ensure complete
aneurysm inclusion with adequate surrounding context. We
note that brain vessel datasets often contain interruptions in
vessel structures due to imaging limitations. Our winding
number-based voxelization process naturally helps address
this challenge by converting nearby disconnected regions into
connected components, enabling subsequent skeletonization
to generate continuous curves even when the original data

6The 20 mm threshold was chosen based on the maximum aneurysm size
reported in [52], ensuring no aneurysm structures are filtered out during
skeleton pruning.

contains minor discontinuities. We then applied our Frenet-
Frame-based transformation and followed the two-step base-
line method (detection-segmentation) [52]. For fair comparison
with the baseline, we first converted voxelized segmentation
results back to surface point clouds. Then we computed the
Dice Similarity Coefficient (DSC) on aneurysm prediction to
measure the segmentation accuracy.

Result Analysis. Our method achieved a DSC on aneurysm
segmentation of 77.08% (+18.75%), surpassing the previ-
ous state-of-the-art performance of 71.79% (4+29.91%) [52],
which demonstrates both improved accuracy and significantly
reduced variability in segmentation results. Fig. 8 demon-
strates the qualitative superiority of applying to FFD over
the baseline. In all three cases, our method more accurately
delineates aneurysm boundaries (blue regions) within complex
arterial structures. Specifically, for terminal aneurysms lo-
cated at vessel endpoints (a), the baseline produces significant
false negatives, while our FFD-based approach maintains
accurate segmentation. For saccular aneurysms appearing as
small outpouchings along vessel segments (b), both methods
perform well with accurate delineation. In complex cases
where aneurysms develop between vessel junctions (c), both
methods show some performance degradation, but our FFD
approach produces fewer false negatives in the connection
regions, demonstrating better robustness to complex vascular
geometry.

VI. CONCLUSION

In this study, we proposed the Frenet—Serret Frame-based
Decomposition as an effective solution for accurately segment-
ing complex 3D curvilinear structures in (bio)medical imaging.
By decomposing these structures into globally smooth curves
and cylindrical primitives, we achieve reduced representational
complexity and enhanced data-efficient learning. Our method
demonstrates exceptional cross-region and cross-species gen-
eralization on the DenSpineEM dataset, which is developed
as a comprehensive benchmark for dendritic spine segmen-
tation, achieving high Dice scores in zero-shot segmentation
tasks. Additionally, the significant performance improvement
on the IntrA dataset underscores its versatility across different
medical imaging applications.

While our current evaluation focuses on vessels and neu-
ronal structures, the proposed framework has broader po-
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tential for analyzing curvilinear anatomical structures. Our
Frenet-Serret frame-based approach could be valuable for
tubular organ analysis in various clinical applications, such
as gastrointestinal tract assessment for radiotherapy planning,
pancreatic duct evaluation, airway tree analysis in pulmonary
imaging, and coronary vessel characterization. Recent datasets
[67]-[69] demonstrate the availability of data for extending our
approach to these diverse curvilinear organs, and the geometric
decomposition framework could be particularly beneficial for
capturing the complex morphological variations inherent in
these tubular anatomical structures.
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